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Supporting students in becoming effective problem solvers is a critical component of K-12
mathematics instruction. Unfortunately, little is known about the factors that are related to
problem solving proficiency in middle school students. We report the results of a study that
employed a hierarchical linear regression analysis to examine the factors that influenced the
problem-solving scores in a sample of 213 sixth and seventh grade students. Results support
theoretical predictions that metacognition, executive function, student beliefs, and content
knowledge all relate to problem solving proficiency.
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Research has suggested that teaching with and through mathematical problem solving (PS) has
vast potential for engaging all students in mathematical practices that support increased motivation,
achievement, positive beliefs about mathematics, and conceptual understanding of mathematical
concepts (Boaler, 2002; Boaler & Staples, 2008; Cai, 2003; Lester & Cai, 2013; Stein et al., 2003).
Consequently, PS is often considered to be a focal point of effective mathematics instruction
(NCTM, 2014; 2018). However, relatively little is known about how to effectively teach
mathematical PS (Lester & Cai, 2016).

Proficiency in PS is thought to be related to interactions between multiple factors such as
metacognition (MC), strategic thinking, content knowledge, and the beliefs and dispositions that
students have about themselves and mathematics (Chapman, 2015; Schoenfeld, 2013). Previous
studies have sought to investigate the relationship between individual factors and PS, with factors
such as MC (e.g., Ozsoy & Ataman, 2009; Tan & Limjap, 2018), executive function (EF; Viterbori
et al., 2017), and student anxieties and beliefs (Kramarski et al., 2010; Mayer & Wittrock, 2006)
being investigated. However, few studies to date have empirically explored the relationship
between PS and a combination of cognitive, metacognitive, and affective factors. The current
study—which was part of a larger study on EF and mathematical PS, funded by the Advanced
Education Research and Development Fund (AERDF)-responds to this need by using a
hierarchical linear regression to determine which factors explained unique variance in the PS
scores of middle school students. Better understanding these relationships may be vital in
developing future PS interventions and instruction to support students.

Review of Related Literature
Mathematical Problem Solving and Executive Function

Executive function refers to goal-directed, attention regulation skills that predict a wide range
of important academic outcomes, including mathematics performance (Zelazo et al., 2016). These
include the ability to keep information in mind (working memory; WM), the ability to stop oneself
from responding immediately (inhibition), and the ability to think in multiple ways or perspectives
(cognitive flexibility). Theoretical and empirical evidence show a relationship between these three
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core components of EF and mathematics: WM (Raghubar et al., 2010), inhibition (Lemaire &
Lecacheur, 2011), and cognitive flexibility (Yeniad et al., 2013).

Moreover, EF skills appear to be particularly needed for multi-step PS skills, and evidence
suggests that developing EF skills support the development of math PS, and vice versa (Clements
et al., 2016). WM, in particular, has been shown to be an important predictor of math PS accuracy
(Passolunghi & Siegel, 2001; Swanson et al., 2008; Steinberg & Roditi, 2018). Inhibition, in turn,
1s thought to be critical in suppressing inefficient strategies and ignoring irrelevant information
during PS (Bull & Lee, 2014), and cognitive flexibility allows students to fluidly shift between
mathematical representations. These three core EF components seem to fill unique needs at
different stages of the PS process (Viterbori et al., 2017).

Mathematical Problem Solving and Metacognition

Research has suggested that metacognitive knowledge—one’s awareness of their own
cognition—and regulation—the ability to control one’ cognition—are critical components of PS
(Favell, 1976, 1979; Lester, 2013; Schoenfeld, 1992, 2013; Stillman & Galbraith, 1998).
Specifically, MC has been found to be critical throughout the PS process, impacting everything
from how one engages in sense-making, to selecting and utilizing strategies, to implementing plans
and reflecting on solutions (Tan and Limjap, 2018). This link has been empirically tested in
numerous studies, with findings often suggesting that metacognitive training and supports result in
significant improvement in students’ PS (e.g., Hensberry & Jacobbe, 2012, Montague et al., 2011,
Ozsoy & Ataman, 2009).

Moreover, while the use of heuristics or strategic thinking has long been considered a key
component of successful PS, as noted above, research has suggested that heuristics are insufficient
unless they are coupled with effective metacognitive awareness and regulation. These are
necessary to support problem solvers in adapting heuristics to new problems and monitoring what
they are doing and evaluating their plan throughout the PS process (Lesh & Zawojewski, 2007;
Jitendra et al., 2015). Indeed, students' metacognitive verbalizations have been found to increase
along with problem difficulty (Rosenzweig et al., 2011), and students’ metacognitive awareness
has been found to be especially critical when students utilize new strategies or engage with non-
routine problems (Carr & Jessup, 1995).

Mathematical Problem Solving and Affect

Numerous affective factors are thought to impact PS proficiency. These include self-efficacy,
beliefs, anxiety, and math identity (Chapman, 2015; Irhamna et al., 2020; Tzohar-Tozen &
Kramarski, 2014). Exemplifying these links, WM is used to attend to various functions, meaning
that increased anxiety may decrease cognitive performance on other tasks (Moran, 2016).
Moreover, student beliefs can support or inhibit students' ability to regulate their cognition, as well
as their motivation and persistence as they encounter challenges inherent in PS (Goldin et al.,
2016; Tzohar-Tozen & Kramarski, 2014).

Theoretical Framework

Research has suggested that self-regulated learning (SRL) is a key aspect of mathematical PS
(Tzohar-Rozen & Kramarski, 2014). SRL theory refers to the ability to control one’s learning
environment and is posited to encompass cognition, MC, and motivation processes. Several
theoretical accounts of SRL have been proposed in the literature (see Panadero, 2017, for a
review). For instance, Zimmerman’s Cyclical Phases Model (CPM; Zimmerman & Moylan, 2009)
describes SRL as a cyclical process involving three parts: (1) forethought (e.g., goal setting,
strategic planning, self-efficacy beliefs, and intrinsic motivation); (2) performance and volitional
control (e.g., attention focusing, self-instruction, and self-monitoring); and (3) self-reflection (e.g.,
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self-evaluation, attributions, and self-reactions). Similarly, Winne and Hadwin (1998) developed a
Metacognitive Perspective Model (MPM) of SRL in which metacognitive processes play a central
role. According to the tenets of this model, learners are perceived as being active and involved self-
regulated individuals who control their own learning through the implementation of metacognitive
monitoring and strategy use, which are central to the goals of the present study. The model was
subsequently expanded to include self-regulatory actions (Winne & Hadwin, 2008). Along a
similar vein, Efklides (2011) devised the Metacognitive and Affective Model of Self-Regulated
Learning (MASRL) in which metacognitive and motivational processes are also key. Even though
all these models vary regarding labels and what aspects to include, they all agree that learning is
regulated by a variety of dynamic interacting and cyclical cognitive, metacognitive, and
motivational factors (Butler & Winne, 1995; Panadero, 2017). The present investigation was
centered on the MASRL (Efklides, 2011) and MPM (Winne & Hadwin, 2008), as those are the
models in which metacognitive skills play a central role. Specifically, SRL informed both the
factors under consideration within the present study and the method of model-building used for the
hierarchical linear regression.

Methods
Participants

Participants were drawn from three middle schools from a large, suburban school district
located on the West Coast of the United States. All grade 6-8 mathematics teachers at these
schools, and their respective students, were given the opportunity to participate in the study.
Within this, 115 sixth grade students and 98 seventh grade students completed all measures,
yielding a total sample of 213 for the analyses reported herein. The participants identified their
gender as male (40.8%), female (53.1%), non-binary (1.9%), or other (2.8%), with 1.4% of
participants electing not to specify a gender. The participants also identified as Hispanic/Latinx
(29.6%), Middle Eastern (28.6%), 2 or more races (16.4%), Asian (6.6%), Black/African American
(4.2%), or White (2.8%), with 11.7% of participants preferring not to specify.

Research Instruments and Scoring

Executive Function. Students’ EF was measured using the Adaptive Cognitive Evaluation
(ACE; Younger et al., 2022)—gamified versions of well-known computerized cognitive tasks of
three core EFs: inhibition (Flanker), working memory (change detection), and cognitive flexibility
(task switching; Miyake et al., 2000). Mean and standard deviation scores were calculated for both
reaction time and accuracy measures. Difference scores were the primary variables of interest for
each measure, including “Flanker effect” (incongruent minus congruent trials), “K” (estimate of
WM capacity, hits minus false alarms), “WM filtering” (set size 2 with 2 distractors minus set size
2), and “switch cost” (task switching switch minus stay trials).

Content Knowledge. Given that the partnering district utilized the i-Ready diagnostic
assessments (Curriculum Associates, 2022) to gain regular data on students’ content knowledge in
mathematics, these scores were utilized as a proxy for mathematics content knowledge.

Metacognition. Subjective metacognitive awareness was measured using a shortened version
of the Junior Metacognitive Awareness Inventory (MAI, Jr.; Gutierrez de Blume et al., under
review; Sperling et al., 2002). The survey was administered using a sliding scale of 1 to 100 to
allow for more continuous data collection. In addition, objective MC was measured through
confidence judgements in which students predicted how well they would do on the PS measure
(see below) prior to taking the measure, and then postdicted their performance immediately after
completing the measure. Scores for objective MC were calculated by computing the absolute value
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of the difference scores between an individual’s confidence judgements and their actual
performance.

Affective Instruments. Several surveys were used to measure various affective factors. These
included the modified Abbreviated Math Anxiety Scale (NAMAS; Carey et al., 2017), and belief
scales 1, 5, and 6 of the Indiana Mathematics Beliefs Scales (IMBS; Kloosterman & Stage, 1992),
which measured students’ beliefs about whether they can solve time-consuming problems, about
whether effort increases ability, and about the usefulness of mathematics in their lives,
respectively. In addition, students were given five questions about their feelings about mathematics
within their classrooms (e.g., “I feel encouraged to solve challenging problems in math”) and a
question about how close they felt to the subject of mathematics.

All surveys were administered as originally developed, with the following exceptions: 1) all
surveys were administered using a sliding scale of 1 to 100; 2) the mAMAS was slightly adapted
for American English (e.g., “maths” to “math”); and 3) an abbreviated version of the IMBS
(Rhodes et al., forthcoming), was employed to reduce testing fatigue. For each survey, all
questions within each scale were averaged to obtain a single score for each distinct construct.

Problem Solving Measure. The researchers developed a distinct 3-item PS measure for each
grade, with one item aligning to content taught in each trimester per the pacing guide that was
provided by the partnering school district. All measure items were drawn from problems developed
by Illustrative Mathematics (IM) and were chosen for inclusion based on A) the degree to which
they were cognitively demanding and rigorous; B) the degree to which they aligned to standards
that the district identified as priorities within their respective grade levels; and C) the degree to
which they required students to show or explain their thinking.

If questions met criteria A and B but not C, problems were slightly modified (e.g., adding
directions requiring students to show or explain their thinking). Each problem was scored as being
correct or incorrect (referred to herein as accuracy) using answer keys developed by IM. In
addition, problems were scored using rubrics developed by an external researcher that assessed the
degree to which a student's work demonstrated relevant mathematical understandings, regardless of
the correctness of the final answer (referred to herein as understanding). Given the links between
the use of heuristics and MC noted above, we intentionally disregarded scoring students’ strategies,
focusing instead only on the mathematically understandings they demonstrated. This choice was
made to avoid scoring in ways that specifically considered MC prior to then correlating the scores
with measures of MC. Interrater agreement on scoring for accuracy and understanding was
measured by Fleiss’ kappa. The Fleiss’ kappas were .961 and .880 for accuracy and .703 and .842
for understanding for 6" and 7" grade, respectively.

Analyses

Prior to data analyses, data were screened for requisite statistical assumptions including
normality, linearity, and multicollinearity. Data met all statistical assumptions. However, two
outliers were detected in the data that were determined to be two standard deviations from the line
of best fit. These outliers were removed and omitted from subsequent analyses. To address the
research objective, two hierarchical linear regressions were performed: one with PS accuracy as
criterion, and a second with PS understanding as criterion. Guided by SRL theory, predictors for
each criterion variable were entered in the following order. Cognitive measures (i.e., EF measures,
iReady scores) were entered in the first block. Affective factors (e.g., the IMBS) were entered in
the second block, and MC factors (e.g., objective metacognitive monitoring accuracy, MAI, Jr.
scores) were entered into the third block. Given that all assumptions were met, the results were
analyzed, and findings are reported below.
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Results

Accuracy

The omnibus model for accuracy as the criterion was statistically significant, F(4,206) = 47.44,
p <.001, R? = .480. EF were entered as the first block of predictors, and they contributed
significant incremental variance to the prediction of accuracy, AF(1,209) = 8.42, Ap = .004, AR’ =
.039. Task switching was the only significant predictor of accuracy. Mathematics beliefs, as
measured by the IMBS, was entered as the second block of predictors, and it also contributed
significant incremental variance to the prediction of accuracy, AF(1,208) = 13.46, Ap < .001, AR’ =
.058. Scale 1, measuring the extent to which a student can solve time consuming math problems,
was the only significant predictor. Metacognitive monitoring, as assessed by students prediction
feeling of knowing judgments, was entered as the third block predictor, and it contributed
significant incremental variance to the prediction of accuracy, AF(1,207) = 141.17, Ap <.001, AR?
= .366. Finally, the degree to which students felt encouraged to solve challenging problem in math
class, was entered as the fourth block predictor, and it also contributed significant incremental
variance to the prediction of accuracy, AF(1,206) = 6.45, Ap < .012, AR’ = .016. Table 1 includes
the model coefficients for all four blocks.

Table 1: Regression Coefficients Results for Math Problem Solving Accuracy

Predictor b b t p Chos
| | LB UB

Block 1: Executive Function

Task Switching .001 197 2.90 .004 .000 .002
Block 2: IMBS

Solving Time .007 .196 2.97 .003 .003 011

Consuming Problems
Block 3: Objective Metacognitive Monitoring Accuracy

Prediction Judgments -.017 -.614 -11.88 <.001 -.020 -.014
Block 4: Student Feelings About Their Mathematics Classroom

Solving Challenging .003 142 2.54 .012 .001 .006

Math Problems

Key: b = unstandardized regression coefficient; f = standardized regression coefficient; 95%
confidence interval for the unstandardized regression coefficients; LB = Lower bound value; UB =
Upper bound value.

N=213

The omnibus model for understanding as the criterion was statistically significant, F(6,204) =
11.46, p <.001, R’ = .251. iReady math achievement scores for Fall 2021 was entered as a block 1
predictor, and it contributed significant incremental variance to the prediction of understanding,
AF(1,209) = 16.46, Ap < .001, AR’ = .073. EF were entered as the second block of predictors, and
they contributed significant incremental variance to the prediction of accuracy, AF(1,208) = 4.25,
Ap =.041, AR’>= .019. Task switching, as a measure of cognitive flexibility, was the only
significant predictor of understanding. Mathematics beliefs, as measured by the IMBS, was entered
as the third block of predictors, and it also contributed significant incremental variance to the
prediction of understanding, AF(1,207) = 7.85, Ap < .006, AR’ = .033. Scale 1, measuring the
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extent to which a student can solve time consuming math problems, was the only significant
predictor. Metacognitive monitoring, as assessed by students prediction feeling of knowing
judgments, was entered as the fourth block predictor, and it contributed significant incremental
variance to the prediction of understanding, AF(1,206) = 19.09, Ap < .001, AR? = .074. Postdiction,
as another metacognitive monitoring measure (after students have seen the task), was entered as
the fifth block predictor, and it contributed significant incremental variance to the prediction of
understanding, AF(1,205) = 10.26, Ap = .002, AR’ = .038. Finally, the degree to which students
felt encouraged to solve challenging problem in math class, was entered as the sixth block
predictor, and it also contributed significant incremental variance to the prediction of
understanding, AF(1,204) = 4.05, Ap = .045, AR’= .015. Table 2 includes the model coefficients
for all six blocks.

Table 2: Regression Coefficients Results for Math Problem Solving Understanding

Predictor b B t p Clos
LB UB

Block 1: Math Achievement

iReady Math .004 270 4.06 <.001 .002 .005
Block 2: Executive Function

Task Switching .000 136 2.06 .041 .000 .001
Block 3: IMBS

Solving Time .003 186 2.80 .006 .001 .005

Consuming Problems
Block 4: Objective Metacognitive Monitoring Accuracy

Prediction Judgments -.005 -.281 -4.37 <.001 -.007 -.003
Block 5: Objective Metacognitive Monitoring Accuracy
Postdiction Judgements .004 226 3.20 .002 .001 .006
Block 6: Student Feelings About Their Mathematics Classroom
Solving Challenging .002 136 2.01 .045 .000 .003
Math Problems

Key: b = unstandardized regression coefficient; f = standardized regression coefficient; 95%
confidence interval for the unstandardized regression coefficients; LB = Lower bound value; UB =
Upper bound value.
N=213
Discussion

The purpose of the present investigation was to determine the predictive effect of EF, students’
beliefs about their math skills, students’ self-report math anxiety, math achievement, and objective
metacognitive monitoring on students’ PS accuracy and PS understanding. The findings of the
study substantiate prior research that demonstrated factors such as anxiety and self-confidence
(Irhamna et al., 2020), MC (Lesh & Zawojewski, 2007; Jitendra et al., 2015), content knowledge
(Chapman, 2015), and EF (Clements et al., 2016; Viterbori et al., 2017), relate to PS proficiency.
This study also extends this research by confirming that cognitive, metacognitive, and affective
factors each explain unique variance within the PS scores of middle school students.

Lamberg, T., & Moss, D. (2023). Proceedings of the forty-fifth annual meeting of the North American Chapter of
the International Group for the Psychology of Mathematics Education (Vol. 2). University of Nevada, Reno.

97
Articles published in the Proceedings are copyrighted by the authors.



Regarding PS accuracy, results revealed that task switching, students’ beliefs that they can
solve time-consuming math problems, prediction judgments, and students’ feelings regarding
teachers’ encouragement to solve challenging math problems, significantly predicted PS accuracy.
Regarding PS understanding, math achievement, task switching, students’ beliefs that they can
solve time-consuming math problems, prediction and postdiction feeling of knowing metacognitive
judgments, and students’ feelings regarding teachers’ encouragement to solve challenging math
problems, were significant.

Cognitively, content knowledge was only predictive within the model of understanding, but not
accuracy. Given that the individual correlation between content knowledge and PS understanding,
r=.058, p > .05, was also non-significant, this potentially suggests that correct answers alone are
insufficient to consider when examining students’ mathematical understandings within PS
solutions. EF, however, explained unique variance within both accuracy and understanding.
Although task switching, generally considered a proxy of cognitive flexibility, predicted PS
accuracy and understanding, the direction was opposite of our theoretical prediction. Our measure
of interest, reaction time (RT) “switch cost,” is the difference in RT between trials in which the
task switches compared to repeat trials. In short, a robust finding is that “switch” trials have longer
RTs on average than “repeat” trials, with the longer time (or difference between switch and stay)
indicative of the additional EF processes that must occur. Thus, lower switch costs are thought to
represent more efficient EF processing; as such, we predicted lower switch costs to be correlated
with higher PS performance, but we observed the opposite. It is possible that a complex speed-
accuracy trade-off is occurring, such that students that take more time during PS to engage in
reflective processing perform similarly during task-switching, that is they pause to reflect after a
task switch, which would in turn inflate their observed switch costs.

Interestingly, MC has a rather nuanced relation with students’ PS accuracy and understanding.
Whereas prediction judgments significantly predicted PS accuracy, both prediction and postdiction
judgements predicted PS understanding. This is interesting because the literature on MC has
consistently demonstrated that students tend to be more accurate in their postdictions (after the
task) than their predictions (e.g., Gutierrez & Schraw, 2015; Hacker et al., 2008), especially when
the postdictions are delayed (Thiede et al., 2012), presumably because students’ have had
additional opportunities to reflect on their performance and adjust their confidence in their
performance to more closely align to their actual performance (Gutierrez de Blume et al., 2021).

Further, predictions, which are made before the task, were the best predictors of PS accuracy,
uniquely explaining the majority of variability. Conversely, the combined predictive effect of
predictions and postdictions on PS understanding was significantly attenuated. It is plausible that
PS accuracy, which utilizes similar cognitive processes to metacomprehension judgments, is more
closely associated with metacognitive skills than PS understanding. Indeed, this relation between
metacomprehension and PS accuracy has been found in domains other than math (e.g., driving
ability, Ackerman et al., 2010; physics, Sharma & Bewes, 2011).

In the affective domain, students’ self-efficacy regarding their ability to solve time consuming
mathematics problems was predictive in both models, along with the question measuring the
degree to which students felt encouraged to solve challenging problems in their mathematics
classes. Interestingly, mathematics anxiety, student beliefs about whether effort increases ability,
and students' perceptions of how close they felt to mathematics were not unique predictors within
either model, even though their individual correlations were significant with both accuracy and
understanding. This potentially suggests that the variance was subsumed by other factors such as
MC, EF, and self-efficacy.
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Limitations and Avenues for Future Research

There are number of limitations to consider from the present study. Chiefly, all factors were
measure at single time points. However, many of these factors are dynamic and can change based
on unique situations, contexts, and environment. Given that correlational analyses are limited in
their ability to attend to factors that are context dependent (Schoenfeld, 2002), future research
should consider utilizing state-based measures along with qualitative analyses to better understand
how these factors interact in-the-moment, and how best to support students in becoming proficient
problem solvers.

Secondly, although the ACE offers the advantage of being short and gamified (improving
engagement), these shortened versions of classic cognitive batteries, typically involving hundreds
of trials per condition, likely produce more variability and noise. Moreover, these computerized EF
measures assess “core” EF, but may not fully predict “real-world” EF, such as those required in a
math classroom. Finally, the present study was limited in the affective factors considered and thus
future research should explore additional factors (e.g., motivation) and more robust measures of
students’ math identity.

Implications and Recommendations for Research, Theory, and Practice and Conclusion

As utilizing rigorous PS within instruction continues to be a focal point of K-12 mathematics
courses, the results of the present study offer critical insights into factors related to PS proficiency
that are essential to consider in supporting student learning. As previously suggested in research
(e.g., Chapman, 2015), PS proficiency is complex, comprised of myriad cognitive, metacognitive,
and affective factors. These results suggest that future research and instruction on PS should
simultaneously attend to cognitive, metacognitive, and affective factors within PS, rather than
parsing them out for individual attention. Thus, strengthening student PS may best be approached
via a holistic, multi-pronged instructional approach that incorporates each of these factors, rather
than attempting to teach these skills independently.

Moreover, the present investigation demonstrated that an objective measure of MC (monitoring
accuracy before and after a task) was the best predictor of PS accuracy, and a significant predictor
of PS understanding, albeit to a lesser extent. This has relevant implications for further research
targeting these factors more deeply, and for the theories of SRL, MC and EF. For educators, this
supports previous findings on the importance of attending to MC within PS instruction (e.g.,
Montague et al., 2011), and highlights the need for continued attention to developing students’
metacognition within the context of instruction on mathematical PS.
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